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Abstract—A novel family of inter-symbol interference (ISI)
free pulses generated by improved Nyquist filters with a
frequency characteristic composed of six parabolic pieces is
proposed. We studied the performance of the new pulses in
terms of the ISI error probability when the impulse response is
sampled with a timing offset. To illustrate the achieved
improvement, the new pulses are compared with other
performing pulses that were reported in the literature.
Simulation results show that comparable or enhanced ISI
performance can be obtained at reasonable complexity.
Index Terms—inter-symbol interference, Nyquist filter,
error probability, filter design.

I. INTRODUCTION
Our article introduces and investigates a novel family of
pulses, which are generated by a Nyquist filter.
In several recent works [3-9], the improved Nyquist filters
(INFs) have received a great deal of attention and have been
successfully used in order to achieve improved performance
in terms of error probability and maximum distortion when
the impulse response is sampled off-center due to a timing
error using as a basis of comparison the raised cosine (RC)
pulse. L. E. Franks [1] and F. S. Hill Jr. [2] are credited with
the first contributions on this theme.
As stated by Nyquist’s first criterion, in order to obtain
ISI-free transmission the pulse shape should have zero
crossings at the sampling moments, with the exception of
current one. Also, the pulse tails should decay fast. Several
new ISI-free pulses [3-9] were reported and analyzed. They
asymptotically decay as t 3 and as t 2 , respectively. In [8]
were used pulse shapes which provide Asymptotic Decay
Rates (ADR) of t  k , for integer values of k ranging
between 2 and 4.
So far, we found that the use of a of frequency
characteristic having a concave shape in the transition
region close to B (1   ) , and a convex one close to

II. FILTER DESIGN AND IMPULSE RESPONSE
In [10] we proposed and investigated a novel approach for
2

obtaining a family of Nyquist pulses with an ADR of t
with improved performance in terms of ISI, as compared
with recent pulses. The pulses were generated by an INF
with a piece-wise frequency characteristic consisting of four
pieces using concave and convex parabolic segments.
The generated pulse is optimized by varying the
coordinates of the delimiting points of the pieces in order to
decrease the value of the error probability to a minimum,
assuming that the impulse response is sampled off-center.
The equation of a parabolic function H i  f  with the
vertex at the point x0 , y0  passing through x1, y1  is
H( f ) 

y1  y0
( f  x0 ) 2  y0
( x1  x0 ) 2

(1)

The parabola has a concave shape if x0  x1 , and y 0  y1 .
The condition x0  x1 , and y 0  y1 determines a convex-

shaped parabola having the vertex at x1, y1  and passing
through x0 , y0  .
We extend the approach in [10] considering an INF with a
frequency characteristic consisting of six pieces, each piece
being either a convex or a concave parabolic segment. There
is a set of six convex parabolic pieces denoted as
Ai , i  1,2,  6 and six concave ones denoted as
Ai ' , i  1,2,  6 .
Choosing a convex piece from the set Ai , i  1,2, and 3 in
the frequency range below Nyquist frequency B, its
counterpart above B will be a concave one from the set
Ai ' , i  4,5, and 6 . Also, the reciprocal is valid.

B (1   ) , in view of the odd-symmetry, will determine an
INF that exhibits pulse tails having a smaller slope in the
vicinity of ideal sampling moments. This behavior is due to
a transfer of energy into the high spectral region [9], [12],
[13].
Details of the proposed filter characteristic design and
results are presented and discussed in the following sections.
1
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Figure 1. Frequency characteristics of proposed filters
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TABLE I. COORDINATES OF DELIMITING POINTS OF THE
PROPOSED INF FILTER 1
Piece
Frequency
x1i
y0i
y1i
x0i
No. i
Characteristic

where B > 0 is the bandwidth equivalent to symbol
repetition rate T = 1/(2B), α is the excess bandwidth,
0    1 , m, n, a, and b (observe Fig.1) are used as
coordinates of the delimiting points, respectively.
The impulse response is obtained from the inverse Fourier
transforms of the H i  f  component functions.

1

H1 ( f )

B(1-n)

B(1-α)

b

1

2

H2 ( f )

B(1-m)

B(1-n)

a

b

3

H3 ( f )

B(1-m)

B

a

0.5

4

H4 ( f )

B

B(1+m)

0.5

1-a

5

H5 ( f )

B(1+m)

B(1+n)

1-a

1-b

6

H6 ( f )

The contributions pi (t ) of the six component parabolic

B(1+n) B(1+α) 1-b 0
In view of the odd-symmetry, there will be a convexconcave relationship given by
(2)
A3  i  A'4  i , i  0,1, and 2
One can form a set F of 8 filters with piece-wise
parabolic frequency characteristic denoted as
F  { A1 A2 A3 A4 ' A5 ' A6 ' , A1 ' A2 A3 A4 ' A5 ' A6 ,
A1 A2 ' A3 A4 ' A5 A6 ' , A1 A2 A3 ' A4 A5 ' A6 ' ,
A1 ' A2 ' A3 A4 ' A5 A6 , A1 ' A2 A3 ' A4 A5 ' A6 ,

pieces of the frequency characteristic H  f  , ( i  1, 6 ) to
the time response p(t ) are:
pi t  

 H  f cos2ft df

(5)

i

x0 i

For B=1, they are given by:

2t x0i  x1i  y 0i  y1i cos2tx1i 

pi t  

(3)

A1 A2 ' A3 ' A4 A5 A6 ' , A1 ' A2 ' A3 ' A4 A5 A6 }
For convenience we will denote the filters using the first 3
parabolic pieces. So, we denote concave by K and convex
by C. For example, the filter defined by A1 A2 A3 ' A4 ' A5 ' A6
will be denoted as KKC.
The frequency characteristics of the proposed filters can
be inferred from Fig.1 in conjunction with Eq. (3).
Table I reports the coordinates of the end-points which
define the six component parabolic segments. The equation
that defines the proposed INF presented in Fig. 1 is:
f  B1   
1,
 H  f , B1     f  B1  n 
 1
 H 2  f , B1  n   f  B1  m 

 H  f , B1  m   f  B
(4)
Hf    3
 H 4  f , B  f  B1  m 
 H 5  f , B1  m   f  B1  n 

 H 6  f , B1  n   f  B1   
0,
f  B1   


x1i

4 3t 3 x0i  x1i 2



y  1  2



y  1  2

1i

 

t x0i  x1i 2 y 0i sin 2tx0i 

2 2

4 t x0i  x1i 

2

3 3

0i




(6)

 

t x0i  x1i 2 y1i sin 2tx1i 

2 2

4 3t 3 x0i  x1i 2

The coordinate values x0i , x1i , y0i , and y1i are
tabulated in Table I for the filter 1 with KKC configuration
(concave-concave-convex).
The time response is obtained as
6

 p t 

(7)

cos2ft df 

sin 2 B 1   t 
(8)
2t

pt  

i

i 0

with
p0 t  

B 1 


0

All filters have closed-form impulse responses.
For instance, the impulse response for the KKK filter
denoted as A1 A2 A3 A4 ' A5 ' A6 ' was obtained as

h3 (t ) 
with:

2 sin( t )
g (t )
m (  n) 2 (m  n) 2  3 t 3

(9)

2



g (t )  2(1  b ) m 2 ( m  n ) 2 cos(   t ) 
2





2 m m 2  b ( 2  m 2  a (  n ) 2 





( 2 b  (1  b ) m n  (1  2b ) n 2 cos(  n t ) 



(  n ) (  n )( 4 a  2b  1m 
2

2(1  2 a ) m n  ( 2 a  1) n



2

cos( m t ) 

(10)

( m  n ) 2 2(1  b ) m 2 t sin(   t ) 
(1  2 a ) (  n ) (1   m t sin(  m t ))  
2( a  b ) m 2 (  n ) 2 ( m  n ) t sin(  n t )
In Fig. 2 are represented several side lobes of the time
response of the KKK and KCC filter using as a reference the
poly pulse [8]. Their smaller slope in the vicinity of ideal
sampling moments will determine a decay of the magnitude
of first order side lobes, which in turn leads to a reduced
value of the error probability.
Figure 2. Impulse response of the proposed pulses generated by KKK and
KCC filters, and poly pulse [8], for α = 0.25, and α = 0.5
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III. SIMULATIONS RESULTS AND DISCUSSIONS
In this section we provide a coverage analysis and ISI
error probability results for the frequency characteristic
model described earlier.
The error probability Pe was determined using Fourier
series as in [11]:
M 
2 2
 N2
1 2
 exp  m  / 2 sinmg 0  
Pe  
cosmg k 

2  m1 
m
k  N1
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TABLE II. ISI ERROR PROBABILITY FOR N = 29 INTERFERING
SYMBOLS AND SNR = 15DB
α
Pe (m, n, a, b)
t/T=0.05
t/T=0.1
t/T=0.2
poly
4.734x10-8 8.834x10-7 2.241x10-4
acos[asinh]
5.148x10-8 9.9816x10-7 2.494x10-4

0.25

M odd

(11)
In Eq. (11), M represents the number of coefficients
considered in the approximate Fourier series of noise
complementary distribution function;   2 / T f - angular
frequency; T f is the period used in the series; N1 and N2 are
the number of interfering symbols before and after the
transmitted symbol; g k  pt  kT  where p(t) is the
impulse response used for transmission, and T is the bit
duration. The results are computed using T f  40 and

0.35

M  61 for N=29 interfering symbols and SNR=15 dB.
In Figs. 2(b), and 2(c) are represented in detail a few
lateral lobes of the time response generated by two filters of
the proposed set F of 8 filters (Filter 3 - KKK, and Filter 1 KCC). The size of first largest side lobes decreased, which
in turn determined the decrease of the the error probability.
The error probability was calculated when the parameters
m and n, which interfere in filters design, span the interval
(0,  ) , and the a and b take values in the interval
[0.01,0.99] with a step of 0.01, assuming usual values of
the timing offset (t/T) equal to 0.05, 0.1, and 0.2 and three
usual values of excess bandwidth α (0.25, 0.35, and 0.5).
A detailed analysis was performed, studying the evolution
of error probability when different values of parameters
which interfere in filters design were used. We obtained
minimal values of error probability, presented in Table II. It
should be mentioned that the values of the error probability
were obtained for the same set of values of m, n, a, and b for
a particular values of the excess bandwidth α, and by
consequence they are not minimal for all filters.
The performance of the new set of proposed pulses is
compared with that of the poly pulse [8], used as a reference.
Most results, marked with bold characters in Table II, with
the suggested values of design parameters (m, n, a, and b),
outperform those obtained for the 4th degree POLY pulse
[8], for the same values of excess bandwidth α, timing offset
t/T, SNR, and number of interfering pulses. The values (m,
n, a, b) were determined as shown above. The same
approach was used in [6], [8], [10], [13], [14], [15] and [16].
From Table II, it can be inferred that for a small value of
the timing offset (t/T=0.05), and the usual values of α=0.25,
0.35, and 0.5, the best results for error probability are
obtained with KKK filter.
Improved results are obtained when using two adjacent
concave pieces (e.g. Filter 4 - CKK, and Filter 5 - KKC). For
higher values of timing offset (t/T=0.2), it is observed that
improvements are obtained when using three or two
adjacent convex pieces (e.g. Filter 2- CCC, and Filter 1 KCC).

0.5

POWER (β=0.25)
(0.11, 0.24,0.62,0.78)
Filter 1 (KCC)
Filter 2 (CCC)
Filter 3 (KKK)
Filter 4 (CKK)
Filter 5 (KKC)
Filter 6 (CKC)
Filter 7 (KCK)
Filter 8 (CCK)
poly
acos[asinh]
acos[acos]
asech[acos]
asech[asech]
asech[exp]
POWER (β=0.33)
(0.15, 0.34,0.62,0.78)
Filter 1 (KCC)
Filter 2 (CCC)
Filter 3 (KKK)
Filter 4 (CKK)
Filter 5 (KKC)
Filter 6 (CKC)
Filter 7 (KCK)
Filter 8 (CCK)
poly
acos[asinh]
acos[acos]
asech[acos]
asech[asech]
asech[exp]
POWER (β=0.37)
(0.22, 0.49,0.62,0.78)
Filter 1 (KCC)
Filter 2 (CCC)
Filter 3 (KKK)
Filter 4 (CKK)
Filter 5 (KKC)
Filter 6 (CKC)
Filter 7 (KCK)
Filter 8 (CCK)

4.576x10-8

8.243 x10-7

2.048 x10-4

4.873x10-8
4.936x10-8
4.646x10-8
4.708x10-8
4.679x10-8
4.741x10-8
4.841x10-8
4.903x10-8
3.290x10-8
3.412x10-8
3.275x10-8
3.226x10-8
3.225x10-8
3.259x10-8
3.103x10-8

8.909x10-7
9.172x10-7
8.297x10-7
8.555x10-7
8.377x10-7
8.635x10-7
8.845x10-7
9.109x10-7
3.839x10-7
4.041x10-7
3.796 x10-7
3.736x10-7
3.727x10-7
3.777x10-7
3.564 x10-7

2.145x10-4
2.236x10-4
2.012x10-4
2.102x10-4
2.026x10-4
2.117x10-4
2.140x10-4
2.232x10-4
6.563x10-5
6.765x10-5
6.434x10-5
6.449x10-5
6.411x10-5
6.444x10-5
6.434x10-5

3.205x10-8
3.240x10-8
3.069x10-8
3.104x10-8
3.088x10-8
3.123x10-8
3.188x10-8
3.223x10-8
2.057x10-8
2.075x10-8
2.005x10-8
1.986x10-8
1.984x10-8
1.999x10-8
1.945x10-8

3.590x10-7
3.667x10-7
3.492x10-7
3.586x10-7
3.506x10-7
3.598x10-7
3.597x10-7
3.686x10-7
1.354x10-7
1.361x10-7
1.301x10-7
1.295 x10-7
1.290 x10-7
1.300x10-7
1.250 x10-7

5.857x10-5
6.074x10-5
6.243x10-5
6.498x10-5
6.187x10-5
6.438x10-5
6.000x10-5
6.225x10-5
1.520x10-5
1.460x10-5
1.532x10-5
1.624x10-5
1.605x10-5
1.565x10-5
1.662x10-5

1.945x10-8
1.961x10-8
1.919x10-8
1.935x10-8
1.922x10-8
1.939x10-8
1.946x10-8
1.962x10-8

1.199x10-7
1.224x10-7
1.238x10-7
1.268x10-7
1.237x10-7
1.267x10-7
1.221x10-7
1.248x10-7

1.353x10-5
1.394x10-5
1.844x10-5
1.911x10-5
1.778x10-5
1.841x10-5
1.468x10-5
1.514x10-5

IV. ANALYSIS OF SEVERAL FREQUENCY CHARACTERISTIC
SCENARIOS
Driven by the need for investigation of the mechanism
behind improved Nyquist filters, the objective of this section
is to identify the roles of the composing parts of the filter
characteristic in the frequency bands A1, A2, and A3
delimited by B1   , B1  n , B1  n, B1  m , and

B1  m, B  , respectively. In this section we extend the INF

analysis, adding new members to the filter family
investigated previously.
Fig. 3 illustrates the ISI error probability for KKK filter
when the design parameters m, and n are those reported in
Table II, and a and b take values over the entire range of
definition, ( 0 .5  a  1 , 0 .5  b  1 ). We studied and
observed the behavior and the influence of concave shape
pieces over the ISI error probability results. Varying the
parameters a, and b is equivalent to changing the concavity
shape of the component pieces.
First we limit our discussion at the KKK filter for
  0 .25 , t / T  0.05 , and one for   0.5 , t / T  0 .2 .
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Figure 3 ISI error probability of the proposed Nyquist pulses (Filter3 - KKK) for N=29 interfering symbols and SNR = 15dB

Examining the values of the results presented in Fig. 3a,
and Fig. 3b, we notice important enhancement for error
probability. Improved results can be noticed for a large
series of design parameter values a, and b.
In the first case presented in Fig. 3a, with   0 .25 ,
t / T  0 .05 , m  0 .11 and n  0 .24 , the minimum value
for error probability is Pe, min=4.547  10-8 , which is under
the value of error probability related with the polynomial
pulse [7], Pe=4.734  10-8 . The same observation is valid for
the second case presented in Fig. 3b, with   0.5 ,
t / T  0 .2 ,
m  0 .22 and n  0 . 49 , where error
probability is Pe, min=1.369 10-5 , and is smaller than the
reference results (see Table II). It can be noticed that these
results are better than those presented in Table II.
As mentioned before improved results are obtained when
using at least two adjacent concave pieces in the transition
region beneath cut-off frequency (e.g. Filter 3 – KKK, Filter
4 - CKK, and Filter 5 - KKC), for a small timing offset
(t/T=0.05). Next we have studied a modified filter family
when one parabolic (either concave or convex) piece in the
frequency characteristic is replaced with a linear one,
denoted with L. It results a first new sub-family of filters
with two members, (Filter 4a-LKK, Filter 5a–KKL).
Afterwards we added the Filter 7a (KLK ) to this sub-family.
The linear function Li  f  that passes through x1, y1  and
x0 , y0  is defined as
y1  y0
(12)
 f  x0   y0
x1  x0
In Figure 4 are illustrated the transfer characteristics of
the new proposed filters sub-family.
Table III contains a comparison of the values of ISI error
probability for the new sub-family of filters with a linear
piece in the transfer characteristic for   0.25, 0.35, 0.5 ,
Li  f  

and usual values of the timing offset t / T (0.05, 0.1, 0.2) .
We kept the same set of values as in previous section
(Table II). Comparing the results from Table III and Table II
we observe a decrease of error probability when using a
linear piece (L) instead of a convex one (C), (Filter 4a LKK, Filter 5a – KKL). Analyzing the results reported in
Table III, we observe that Filter 5a - KKL has an improved
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behavior in terms of probability of error caused by ISI, as
compared to Filter 4a – LKK. For t / T  0.2 , Filter 5a –
KKL performs better than Filter 4 – KKK for all values of
roll-off factor (   0.25, 0.35, 0.5 ).
In Fig. 4 we have plotted the ISI error probability for
Filter 4a - LKK, when the design variables m, and n are
those reported in Table II, and a and b are varied over the
domain ( 0 .5  a  1 , 0 .5  b  1 ). We studied and observed
the behavior and the influence of linear pieces (L) over the
ISI error probability results.
We observed in Fig. 4a and Fig. 4b that the minimum
values for error probability are Pe, min=4.574  10-8
(   0 .25 , t / T  0 .05 , m  0.11 and n  0 .24 ) and
Pe, min=1.386  10 -5 (   0.5 , t / T  0.2 , m  0.22 and
n  0 .49 ), which are under the error probability reported for
the poly pulse [8].
TABLE III. ISI ERROR PROBABILITY FOR N = 29 INTERFERING
SYMBOLS AND SNR = 15DB
Pe (m, n, a, b)
t/T=0.05
t/T=0.1
t/T=0.2
α
poly
4.734x10-8
8.834x10-7
2.241x10-4
(0.11,0.24,0.62,0.78)
Filter 3 (KKK)
4.646x10-8
8.297x10-7
2.012x10-4
-8
-7
Filter 4 (CKK)
4.708x10
8.555x10
2.102x10-4
0.25 Filter 4a (LKK) 4.6737x10-8 8.408x10-7
2.0500x10-4
-8
-7
Filter 5 (KKC)
4.679x10
8.377x10
2.026x10-4
Filter 5a(KKL)
4.6523x10-8 8.2840x10-7 1.998x10-4
Filter 7 (KCK)
4.841x10-8
8.845x10-7
2.140x10-4
Filter 7a (KLK) 4.7213x10-8 8.4609x10-7 2.0336x10-4
poly
3.290x10-8
3.839x10-7
6.563x10-5
(0.15,0.34,0.62,0.78)
Filter 3 (KKK)
3.069x10-8
3.492x10-7
6.243x10-5
-8
-7
Filter 4 (CKK)
3.104x10
3.586x10
6.498x10-5
0.35 Filter 4a (LKK) 3.0843x10-8 3.5313x10-7 6.3438x10-5
Filter 5 (KKC)
3.088x10-8
3.506x10-7
6.187x10-5
Filter 5a(KKL)
3.069 x10-8
3.4664x10-7 6.110x10-5
Filter 7 (KCK)
3.188x10-8
3.597x10-7
6.000x10-5
-8
-7
Filter 7a(KLK)
3.1078x10
3.4790x10
5.9190x10-5
poly

2.057x10-8

1.354x10-7

1.520x10-5

1.238x10-7
1.268x10-7
1.2500x10-7
1.237x10-7
1.2197x10-7
1.221x10-7
1.1982x10-7

1.844x10-5
1.911x10-5
1.8683x10-5
1.778x10-5
1.7623x10-5
1.468x10-5
1.5671x10-5

(0.22,0.49,0.62,0.78)
0.5

Filter 3 (KKK)
Filter 4 (CKK)
Filter 4a (LKK)
Filter 5 (KKC)
Filter 5a(KKL)
Filter 7 (KCK)
Filter 7a(KLK)

1.919x10-8
1.935x10-8
1.9255x10-8
1.922x10-8
1.9113x10-8
1.946x10-8
1.9138x10-8
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Figure 4. Error probability of the senary Nyquist pulses (Filter 4a - LKK) for N=29 interfering symbols and SNR = 15dB

These minimum values of the probability of error are
significantly better than those reported in Table III, for the
same set of values of m, n, a, and b and particular values of
the excess bandwidth α.
Interesting results and significant improvements are
obtained for Filter 7a – KLK, particularly for t / T  0.2 , and

  0.25, 0.35, 0.5 .
In order to show that we have obtained fairly significant
improvements, we have plotted in Fig. 6 the ISI error
probability for KLK filter when the design variables m, and
n are those reported in Table II, and a and b are varied in the
range ( 0 .5  a  1 , 0 .5  b  1 ).
Fig. 5 illustrates several significant side lobes of the time
response generated by KLK and KKK filters, for three values
of the excess bandwidth (   0.25,0.35,0.5 ). There is a
decrease of the size of first side lobes that will manifest
itself in the reduction of the error probability value.
In Fig. 6 we have plotted the ISI error probability for KLK
filter when the design variables m, and n are those reported
in Table II, and a and b are varied over the domain
( 0 .5  a  1 , 0 .5  b  1 ).
We studied and observed the behavior and the influence
of linear pieces (L) on the error probability results. Varying
the parameters values a, and b is equivalent to changing the
slope of the linear piece (L), and the concavity shape of the
component pieces (K).
An analysis of the results in Fig. 6a, and Fig. 6b, shows
consistent potential for error probability improvement.
The improved behavior can be detected for a wide range
of design parameter values, a and b.
A result in Fig. 6a, with   0 .35 , t / T  0 .05 , m  0.15
and n  0 .34 is Pe, min=3.0412  10 -8 .

quite important influence on error probability, we also
investigated the filter sub-family KKL-LKK-KLK, when
ab.
Imposing a  b leads to the introduction of a constant
piece in the filter transfer characteristic. This results in
complexity reduction of the impulse response expression.
The values of the minimum error probability are reported
in Table IV.
V. CONCLUSION
We have introduced a new family of inter-symbol
interference free pulses generated by INFs with the aim to
examine in detail new methods for constructing families of
Nyquist pulses.
We observed that for small values of the timing offset
(t/T=0.05), the best outcomes for error probability are
obtained when using three or two adjacent concave pieces in
the transition region close to cut-off frequency.
For higher values of timing offset (t/T=0.2) and excess
bandwidth, improved results are obtained when using three
or two adjacent convex pieces in the transition region close
to Nyquist frequency.

This is below the error probability reported for poly pulse
[7], Pe=3.290 10-8 .
The same remark stands in the second case plotted in Fig.
6b, with   0.5 , t / T  0.2 , m  0.22 and m  0 .49 ,
where error probability is Pe, min=1.358  10 -5 , and is
below the reference values (see Table II and Table III).
These results are better than those in Table III.
Observing that the variation of parameters a and b has a

Figure 5. Time response of new proposed pulses generated by Filter 3 KKK, and Filter 7a - KLK filters, for α = 0.25, α = 0.35, and α = 0.5
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Figure 6. ISI error probability of senary Nyquist pulses (Filter 7a - KLK) for N=29 interfering symbols and SNR = 15dB
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