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Abstract—In this article we investigate the possibility to use
scanning capacitance microscopy (SCM) for the 2-D and 3-D
"atomistic" dopant profiling of semiconductor materials. For
this purpose, we first analyze the effects of random dopant
fluctuations (RDF) on SCM measurements with nanoscale
probes and show that the discrete and random locations of
dopant impurities significantly affect the differential
capacitance measured in SCM experiments if the dimension of
the probe is below 50 nm. Then, we present an algorithm to
compute the x, y, and z coordinates of the ionized impurities in
the semiconductor material using a set of SCM measurements.
The algorithm is based on evaluating the doping sensitivity
functions of the differential capacitance and uses a gradientbased iterative method to compute the locations of dopants.
Finally, we discuss a standard simulation case and show that
we are able to successfully retrieve the locations of the ionized
impurities using the proposed algorithm.
Index Terms—doping, fluctuations, ion
nanoscale devices, scanning probe microscopy.

material. The algorithm uses the doping sensitivity functions
of the differential capacitance and uses a gradient-based
iterative method to compute the locations of dopants from
the experimental C-V curves. In section IV we summarize
the numerical algorithm and in section V present numerical
results for a few standard cases. Conclusions are presented
in section VI.

implantation,
Figure 1. Traditional SCM setup with one probe (a). SCM setup with three
metallic probes (b) used in this work.

I. INTRODUCTION
Scanning capacitance microscopy (SCM) is one of the
most commonly used techniques for dopant profiling in the
semiconductor industry [1-4]. SCM uses a metalized probe
tip to bias the semiconductor in the depletion mode and to
measure the differential capacitance between the probe and
the semiconductor material as a function of the bias voltage
[5-9] (see Fig. 1). Since the differential capacitance is
directly related to dopant and carrier concentrations, the
capacitance-voltage (C-V) curves can be used to generate a
2D image of the carrier density near the surface of the
semiconductor.
In this article we investigate the possibility to use SCM
for 2-D and 3-D "atomistic" dopant profiling of
semiconductor materials. As far as we know, this is the first
attempt to use SCM to compute the exact locations of the
dopant atoms in semiconductor materials. Previous works in
the literature have focused on finding the average carrier
distribution and dopant concentration inside the
semiconductor, without giving any information about the
individual location of the discrete ionized impurities inside
semiconductor material.
The article is structured as follows. In the next section we
present examples of RDF effects on the C-V characteristics
of metal probe-oxide-semiconductor structures. Then, we
define the doping sensitivity functions that stay at the basis
of our numerical algorithm for extracting the exact (x, y, z)
coordinates of ionized impurities in the semiconductor

II. RDF EFFECTS ON THE C-V CHARACTERISTICS
Most of the existing work related to the analysis of RDF
effects in semiconductor devices focuses on the study of the
variability of threshold voltages [10], current characteristics
[11], and small-signal parameters [12] in field-effecttransistors and there are practically no studies related to the
variability of C-V curves besides a few recent conference
presentations [6,13,14]. Next, we present a number of
simulation studies that show the substantial effect that the
discrete nature of dopant impurities has on the lowfrequency differential capacitance in SCM measurements.
All the simulations presented in this work are performed by
solving the Poisson equation coupled with the electron and
hole continuity equations to describe the transport of the
semiconductor, and with the density-gradient equations to
describe quantum confinement effects at the semiconductor
boundaries and near impurities. The complete system of
equations was discretized using finite elements and solved
in our in-house simulation software, RandFlux [15].
Fig. 2 shows the electrostatic potential, electron and hole
concentrations in a atomistically doped silicon wafer, in
which the metallic probe is situated at 1 nm above the
surface of an n-type semiconductor and has a diameter
between 10-15 nm. The average doping concentration in the
wafer is 10 cm-3 and the potential of the probe with respect
to flat bands in the semiconductor is shown in each figure.
The dark regions in Figs. 2(a) and 2(b) denote regions of
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high electrostatic potential generated by individual dopant
atoms. At the above value of the bias voltage the electrode
creates a small depletion layer below the probe, which is
visible in Figs. 2 (c) and Fig. 2(d). Although the depletion
layer extends for a few tens of nm in the bulk of the
semiconductor, the total number of dopants in this layer is
relatively small (usually less than 10) and depends on the
bias voltage [13].
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semiconductor transistor are changing by adding one dopant
atom at a given location inside the transistor.

Figure 2.(a),(b) Electrostatic potential, (c) electron concentration, (d) and
hole concentration in an n-type semiconductor at a bias voltage of
V=-0.25V.

The simulated differential capacitance is presented in
Figs. 3 for different probe diameters. Each figure presents a
set of 200 C-V curves measured at different locations on the
surface of the semiconductor material. The average doping
concentration and the distance between the metallic probe
and the semiconductor is the same as in the simulations
presented in Fig. 2. The insets in these figures show the
electrostatic potential computed at a particular location by
emphasizing the size of the metallic probe used in
simulations. The thicker black curve denotes the C-V that
would be obtained if the dopant concentration was a
continuous function of the position inside the semiconductor
(as it is usually done in numerical simulations).
It is important to notice that the size of the probe changes
both the magnitude and the standard deviation of the
differential capacitance. Hence, if we would like to use such
measurement to obtain information about the exact location
of ionized impurities we need to carefully select the size of
the metallic probe. It is apparent from these figures that, on
one hand, smaller probe sizes can distinguish better the
different dopant configurations and result in a wider
distribution of the C-V curves. On the other side, the
magnitude of the differential capacitance decreases when the
probe size is decreasing leading to larger signal-to-noise
ratio, which makes C-V measurements prone to
experimental errors.
III. DOPING SENSITIVITY FUNCTIONS
The inversion algorithm used in this article is based on the
evaluation of the doping sensitivity functions of the
differential capacitance. The doping sensitivity functions
were originally introduced in [16, 17] to show how much the
threshold voltage or the terminal currents of a metal-oxide4

Figure 3. C-V characteristics measured at different locations on a
semiconductor with five different probe sizes (5 nm, 10 nm, 20 nm and 40
nm) with average dopant concentration of 1018 cm-3.

They were later implemented in commercial device
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simulators [18] and generalized to describe the doping
sensitivity of any device parameter such as small-signal
parameters or subthreshold voltage swing [12]. Unlike in
our previous works, in this section we follow Cacuci [19]
and present an alternative definition of the sensitivity
function in terms of the Gâtaux differential. Notice that the
definition of the sensitivity functions is relatively general
and is not related to any particular transport model.
Let us denote the doping concentration by N 0 (r ) ; in large
N 0 (r )
can be
semiconductor devices, function
approximated as a continuous function, however, at
nanoscale dimensions, the doping concentration can be
written as a superposition of Dirac- functions. We also
assume that the semiconductor material occupies a
volume  , which is a subset of the J -dimensional real
vector space R J , where J = 1, 2, or 3. The position vector is
denoted by r   . For the purpose of this presentation we
also define the following quantities:
1) x  r    x1  r  ,..., xK  r   is the vector of state variables;
x  Ex , where E x is a normed linear space over the
scalar field of real numbers. If we use the densitygradient model, the components of x are the
electrostatic potential, the electron and hole
concentrations, the electron and hole quasi-Fermi
potentials, lattice temperature, and the values of the
current and potentials in the circuit network.
2) N  r    N1  r  ,..., N I  r   is the doping concentration

vector, which consists of the acceptor and donor doping
concentrations as well as of any other ionized or neural
impurities existent in the semiconductor. In general,
N  r   EN , where EN is also a normed linear space,
which, in general is a subset of real scalars (i.e.
EN  R I ).
3) F  x, N    F1  x, N  ,..., FK  x, N   are in general K
nonlinear operators, including differential differences,
integrals, distributions, or matrices) of x and N . This
operator is given by the particular transport system used
to compute the state variables. This system is be written
as:
F  x  r  , N  r    0 , r  
(1)
In the framework of the drift-diffusion or density-gradient
model F is a differential operator, however, in the
framework of the Boltzmann transport equation F
becomes an integro-differential operator.
4) C  x  is the system response (i.e. the differential
capacitance).
For any given doping concentration N 0 , the state
variables can be computed by solving the following
nonlinear problem:
F  x0 , N 0   0
(2)
and the differential capacitance is C  x0 , N 0  . Suppose
now that there is a small variation in the values of doping
concentration N 0  N . The variation in the values of the
state variables can be computed by solving:
(3)
F  x0  x , N 0  N   0

Volume 16, Number 3, 2016

and the variation in the differential capacitance is
C  x0  x, N 0  N   C  x0 , N 0  . The Gâteaux derivative
of the differential capacitance in the direction of variation
N can be written as:
C  x0  x , N 0  N   C  x0 , N 0 
 CN 0  N   lim
 0

(4)
 d


C  x 0    x , N 0   N  
 d
  0
For infinitesimally small variations N , the Gâteaux
derivative of the differential capacitance can be related to
the doping sensitivity function of the differential capacitance
 C  r  using the Riesz representation theorem (see [17]):

 CN  N     C  r   Ndr
0



(5)

In the next section we focus our analysis on the numerical
algorithm for the computation of the spatial coordinates of
ionized impurities.
IV. NUMERICAL ALGORITHM
The problem that we address in this section is how to
compute the spatial coordinates of the ionized impurities
inside the semiconductor material by using a set of C-V
curves measured experimentally. To solve this problem we
need to develop an inversion algorithm that "extracts" the
doping concentration from the experimental data. The
numerical algorithm that we present below can be applied to
any transport model that can be used to simulate the C-V
curves, such as the classical drift-diffusion model, the
semiclassical Boltzmann equation, or the quantum NEGF
method. We assume that the doping sensitivity functions of
the differential capacitance can be computed by using the
numerical techniques presented in references [13, 20].
Let us consider that we measure experimentally the
differential capacitance as a function of the probe potential
and we denote these data points by:
Ci exp  Vi  , where i  1,..., M
(6)
where Vi denote the potential of the probe at which
measurement i was made, M is the number of data points,
and index i denotes the number of the measurement. Now,
assume that we start with an initial doping profile N 0  r 

and compute numerically the differential capacitance C at
each potential Vi . Denote the computed values of the
differential capacitance by:
(7)
Ci 0 Vi  , where i  1,..., M
The inversion problem can now be formulated as follows.
Given experimental data Ci exp  Vi  and an initial profile of
the doping concentration, how much do we need to change
the doping concentration in order for the simulated value of
the differential capacitance to fit the experimental data as
closely as possible? Let us denote the solution to this
problem by N (r )  N (r )  N 0 (r ) and the required change
in the value of the differential capacitance by
Ci  Ci(exp)  Ci(0) . According to the definition of the
sensitivity function, we can write,  Ci    i  r   N  r  dr ,


which can be approximated as:

5
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Ci    i  r  N  r  dr
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(8)

Hence, if the initial guess of the doping concentration is
not too far away from the real one, the last integral equation
can be solved to compute N  r  . To solve this equation we
discretize the integral numerically to get:

   r  N  r   C
j 1

j

j

i

K
k 1

 k  i  rk   Ci

(17)

Another choice for the basis function is to
select  k  r    k  r  . In this case we need to compute the
superposition coefficients by solving system (14) where:
 k , i    k  r   i  r  dr
(18)


L

i



(9)

where index j denotes the location of the nodes in the
finite element discretization and L denotes the number of
nodes. If the sensitivity functions are linearly independent,
the integral equation (8) can be solved to compute N  r  .

This choice of the basis functions is appropriate for the
case when we need to compute the 3-D doping profile,
where the doping concentration can be approximated as a
continuous function (for instance in large devices).

In discretized form, if matrix  i  rj  is not singular, and
L  M , system (9) can be solved numerically in the least
square sense to compute N  rj  .

However, there are two major deficiencies with the above
procedure. First, the number of C-V measurements is of the
order of M = 100’s and is usually much smaller than the
number of discretization mesh points, which is the order of
L = 106 in 3-D problems. Hence, system (9) does not have
unique solution. Second, if the number of C-V
measurements is large enough, equation (9) represents a
dense system of equations which is difficult to solve on
normal computing systems. Hence, it is more convenient to
expand the doping concentration N  r  as a linear
superposition of some basis functions  k  r  :
N  r    k 1 k  k  r 
K

(10)

where  k are K superposition coefficients that need to be
determined. To determine these coefficients we multiply
(10) by  i  r  and integrate over  :





N  r   i  r  dr   k 1 k   k  r   i  r  dr
K



(11)

Denoting the scalar products by  i , j :

 k , i    k  r   i  r  dr


(12)

coefficients  k can be determined by solving the following
system of equations using linear least square approximations



K
k 1

 k  k ,i   N  r   i  r  dr




K
k 1

 k  k ,i  Ci

(13)
(14)

where we have used (4).
In order for system (14) to have unique solution, we need
in general K  M . Ideally, basis functions  k  r  should be
selected in such a way to form a complete set in the space of
the possible dopant profiles. One such selection is to use:
 k  r     r - rk 
(15)
where  is the Dirac-delta function. This choice of the basis
functions is preferable in nanoscale dopant profiling because
it accounts for the discrete nature of the dopant impurities.
In addition, these basis functions simplify the numerical
implementation significantly. Indeed, equation (12)
becomes:
 k ,i     r - rk   i  r  dr   i  rk 
(16)


and system (14) becomes:
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Figure 4. Numerical algorithm for the computation of doping profile in
semiconductor devices.

V. SIMULATION RESULTS
In this section we present a simulation case in which we
use SCM to obtain the locations of the dopants in a 2-D
semiconductor. For this purpose we use the atomistic doping
profiling algorithm presented in previous section to extract
the (x, y) locations of dopant atoms from a set of
"experimental" capacitance-voltage (C-V) measurements.
Since at this stage we are interested only in analyzing the
feasibility of the numerical algorithm, the "experimental"
data will be generated numerically in advance and, then,
used to compute the doping profile.
In order to test the accuracy of our algorithm we use three
identical metallic probes. The differential capacitance is
measured while varying the bias voltage on each probe from
-3 V to 4 V, while the other two probes are grounded.
Notice that, to extract the doping profile (or spatial
coordinates of dopants) in 2-D simulations, we need to use
at least two metallic probes situated at two different
locations on the semiconductor. In the case of 3-D
semiconductors we need to use at least three metallic probes
to extract the spatial coordinates of dopants inside the
depletion region.
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the Poisson, current continuity, and density-gradient
equations. The small-signal current is computed by
superimposing a small-signal a.c. voltage, v  k    on
the d.c. bias.
4) Finally, we compute the differential capacitance using
i  k   
1
k
 k 
(19)
C       k 
v   j Z   j
where k  1, 2 and 3, j  1 , and Z  k    is the
(a)

complex impedance.

(b)

(c)

(d)
Figure 5. (a) Initial placement of impurities. (b)-(d) Differential capacitance
as a function of bias voltage for each probe.

In order to test our algorithm, the "experimental" data is
generated numerically as follows.
1) First, we build and mesh the system, including the
metallic tips, vacuum, and semiconductor material.

Figure 6. Predicted doping profile as a function of the iteration number. The
algorithm started with and undoped structure (a) and converged to the
original dopant distribution shown in (h).

2) Then, we simulate the ion implantation (or diffusion)
process by placing randomly p-type impurities
throughout the semiconductor material.
3) Then, we compute the a.c. current collected by each
probe i  k    , under different bias conditions by solving

The diameter of the tip of each probe is 10 nm and the
probes are situated at a distance of 17.5 nm from each other.
In a more practical setup one could consider only one
metallic probe, which is allowed to move across the surface
of the semiconductor so the C-V curves would be collected
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at three different locations.
Fig. 5(a) presents the initial placement of the impurities,
while Figs. 5(b)-(d) show the computed C-V curves as a
function of the d.c. bias on each probe with continuous lines.
In these simulations we consider 7 dopants randomly
distributed in the semiconductor. The basis set is given by
15 Dirac-delta functions distributed approximately
uniformly throughout the semiconductor. Notice that if a
stochastic algorithm is used to simulate all the doping
configurations, and if we assume each place can be occupied
by at most one dopant atom, we need to perform 215 = 32,768
simulations in order to find the optimum configuration.
The iterations start with an undoped material (see Fig.
6(a)) and the doping concentration is updated at each
iteration using N  k 1  r   N  k   r   N  r  .
The computed differential capacitance at different
iteration numbers is represented in Fig. 5 with continuous
lines. The algorithm converged to the “experimental” values
of the capacitance and the original doping profile is
recovered exactly after 96 iterations as shown in Fig. 6(h).
The total number of iterations depends on the initial guess,
and the total number and microscopic distribution of
impurities. The total simulation time depends on the number
of mesh points and on the transport model used to compute
the C-V curves. In the framework of the drift-diffusion
(coupled with the density-gradient equations) it takes a few
minutes to retrieve the impurity locations for a mesh of
10,000 mesh points on a single processor computer.
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